We show that certain expanders are counterexamples to the coarse p-Baum-Connes conjecture.
Introduction
The coarse Baum-Connes conjecture, first formulated in [36] , is a coarse geometric analog of the original Baum-Connes conjecture for groups [1] , and it posits that a certain coarse assembly map or index map is an isomorphism between a topological object involving the K -homology of Rips complexes of a bounded geometry metric space and the K -theory of a certain C * -algebra associated to the metric space, namely the Roe algebra, which encodes the large scale geometry of the space. One can think of the conjecture as providing an algorithm for computing higher indices of generalized elliptic operators on non-compact spaces. The significance of this conjecture lies in its applications in geometry and topology, which includes the Novikov conjecture when the metric space is a finitely generated group equipped with the word metric, and also the problem of existence of positive scalar curvature metrics, as well as Gromov's zero-in-the-spectrum conjecture, when the space is a Riemannian manifold. In fact, injectivity of the coarse assembly map (commonly referred to as the coarse Novikov conjecture) is sufficient for some of these applications.
The conjecture has been proven in a number of cases. Yu showed that it holds for metric spaces that coarsely embed into Hilbert space [44] , generalizing his earlier work showing that it holds for spaces with finite asymptotic dimension [43] . In [43] , there is also a counterexample to the coarse Novikov conjecture when the condition of bounded geometry is omitted. More recent positive results on the coarse Baum-Connes conjecture include [9] [10] [11] [12] by Fukaya and Oguni. On the other hand, Higson [19] showed that the coarse assembly map is not surjective for certain Margulis-type expanders. Then in [20] , HigsonLafforgue-Skandalis showed that for any expander, either the coarse assembly map fails to be surjective or the Baum-Connes assembly map with certain coefficients for an associated groupoid fails to be injective, and that the former always occurs for certain Margulis-type expanders. Although expanders provide counterexamples to surjectivity of the coarse assembly map, it is known that the map (or the version with maximal Roe algebras) is injective for certain classes of expanders [3, 16, 17, 28] .
While most of the results mentioned in the previous paragraph only apply to Margulis-type expanders, Willett and Yu in [41] considered spaces of graphs with large girth and showed that the coarse assembly map is injective for such spaces while it is not surjective if the space is a weak expander. For the maximal version of the coarse assembly map, they showed that it is an isomorphism for such spaces if there is a uniform bound on the vertex degrees of the graphs. They also discussed how their methods can be modified to yield the same results for a version of the coarse assembly map for uniform Roe algebras formulated by Špakula [39] .
In this paper, our goal is to consider an L p analog of the coarse BaumConnes assembly map for 1 < p < ∞, and show that it fails to be surjective for certain expanders by adapting the arguments in [41] . It should be noted that techniques used in the C * -algebraic setting often do not transfer to the L p setting in a straightforward manner. Although the L p analog of the coarse Baum-Connes conjecture has no known geometric or topological applications when p = 2, in light of interest in L p operator algebras in recent years (e.g. [4, 5, 8, 13-15, 18, 27, 31-34] ), the study of assembly maps involving L p operator algebras contributes to our general understanding of the K -theory of some of these algebras. We also note that other assembly maps involving L p operator algebras have recently been considered in [4, 8] , as well as in unpublished work of Kasparov-Yu. In similar spirit, the Bost conjecture [24, 29, 30, 38] asks whether the BaumConnes-type assembly map into the K -theory of the Banach algebra L 1 (G) is an isomorphism for a locally compact group G.
The description of the assembly map that we use is equivalent to that in [41] when p = 2 in the sense that one is an isomorphism if and only if the other is. This equivalence was established in [42] , where Yu introduced localization algebras and showed that a local index map from K -homology to the K -theory of the localization algebra is an isomorphism for finite-dimensional simplicial complexes. Qiao and Roe [35] later showed that this isomorphism holds for general locally compact metric spaces. By considering L p analogs of Roe algebras and localization algebras, we obtain an L p analog of the coarse Baum-Connes assembly map of the form
and the coarse p-Baum-Connes conjecture is the statement that this map is an isomorphism. Our main theorem is stated as follows: Theorem 1. Let p ∈ (1, ∞). Let G be a residually finite group with property (T) and the p-operator norm localization property. Let N 1 ⊇ N 2 ⊇ · · · be a sequence of normal subgroups of finite index such that i N i = {e}, and let G = i G/N i be the box space. If q ∈ B p ( G) is the Kazhdan projection associated to G,
is not in the image of the coarse p-Baum-Connes assembly map.
Preliminaries
Definition 2. Let (X , d) be a metric space. We say that X is proper if all closed balls in X are compact, and we say that X has bounded geometry if for all R > 0 there exists N R ∈ N such that all balls of radius R have cardinality at most N R .
A net in X is a discrete subset Y ⊆ X such that there exists r > 0 with the properties that d(x, y) ≥ r for all x, y ∈ Y , and for any x ∈ X there is y ∈ Y with d(x, y) < r.
We now associate certain L p operator algebras called Roe algebras to proper metric spaces. These algebras encode the large scale geometry of the metric space, and the K -theory of the Roe algebra serves as the target of the coarse p-Baum-Connes assembly map. Definition 3. Let X be a proper metric space, and fix a countable dense subset Z ⊆ X . Let T be a bounded operator on ℓ
, and write T = (T x,y ) x,y∈Z so that each T x,y is a bounded operator on ℓ p . T is said to be locally compact if
• each T x,y is a compact operator on ℓ p ;
• for every bounded subset B ⊆ X , the set
The propagation of T is defined to be
The algebraic Roe algebra of X , denoted
consisting of all finite propagation, locally compact operators. The ℓ p Roe al-
One can check that just like in the p = 2 case, up to non-canonical isomorphism, B p (X ) does not depend on the choice of dense subspace Z, while up to canonical isomorphism, its K -theory does not depend on the choice of Z. Moreover, B p (X ) is a coarse invariant, as noted in [5] .
Remark 4. In the definition above, one may consider bounded operators on ℓ
spaces are classified as follows: 
, and these two Banach algebras are non-isomorphic.
Definition 5. Let X be a proper metric space, and let Γ be a countable discrete group acting freely and properly on X by isometries. Fix a Γ-invariant countable dense subset Z ⊆ X and define C Γ , is the subalgebra of C p
[X ] consisting of matrices (T x,y ) x,y∈Z satisfying T gx,g y = T x,y for all g ∈ Γ and x, y ∈ Z.
If Γ is a discrete group, then we may represent the group ring CΓ on ℓ Before making this precise, we recall some facts about L p tensor products, details of which can be found in [6, Chapter 7] .
Moreover, we have the following properties:
• Under the identification above, the linear span of all ξ ⊗ η is dense in
• The tensor product is commutative and associative.
•
. We will denote this operator by a ⊗ b. Moreover, ||a ⊗ b|| = ||a||||b||.
• The tensor product of operators is associative, bilinear, and satisfies Regarding
operator algebra and the tensor product is as described above (see Remark 1.14 and Example 1.15 in [32] 
. Let P n be the projection onto the first n coordinates with respect to the standard basis in ℓ p . When p ∈ (1, ∞), we have lim n→∞ ||a − P n aP n || = 0 for any compact operator
However, when p = 1, we can only say that lim n→∞ ||a − P n a|| = 0 for a ∈ K (ℓ 1 ). In fact, there is a rank one operator on ℓ 1 that is not in M 1 ∞ . We refer the reader to Proposition 1.8 and Example 1.10 in [32] for details.
The standard proof in the p = 2 case allows one to show that if A is an L p operator algebra for some p ∈ [1, ∞), then
In particular, when p ∈ (1, ∞), we have
We refer to [32, Lemma 6.6] for details. The following lemma is well-known when p = 2 (cf. [41, Lemma 3.7] ).
Lemma 6. Let Γ be a discrete group acting freely, properly, and cocompactly by isometries on a proper metric space X . Let Z ⊆ X be the countable dense Γ-invariant subset used to define C[X ] Γ . Let D ⊆ Z be a precompact fundamental domain for the Γ-action on Z. Then for p ∈ (1, ∞) there is an isomorphism
Moreover, the induced isomorphism on K -theory is independent of the choice of D.
) consisting of those operators (K x,y ) x,y∈D with only finitely many nonzero matrix entries.
) by the matrix formula
Define a homomorphism
by the formula
.
Note that only finitely many T
are nonzero since T has finite propagation. Moreover, ψ D is an isomorphism.
In fact, ψ D is implemented by conjugating T by the isometric isomorphism
, and so ψ D extends to an isometric isomorphism between the completions.
If D ′ ⊆ Z is another precompact fundamental domain for the Γ-action, then ψ D (T) and ψ D ′ (T) differ by conjugation by an invertible multiplier of The domain of the coarse p-Baum-Connes assembly map involves the Ktheory of localization algebras of Rips complexes of the metric space. We will now define these notions and formulate the coarse p-Baum-Connes conjecture. [X ] be the algebra of bounded, uniformly continuous func-
The completion of C 
Definition 8. Let (X , d) be a bounded geometry metric space, and let R > 0. The Rips complex of X at scale R, denoted P R (X ), is the simplicial complex with vertex set X and such that a finite set {x 1 , . . ., x n } ⊆ X spans a simplex if and only if d(x i , x j ) ≤ R for all i, j = 1, . . ., n. Equip P R (X ) with the spherical metric defined by identifying each n-simplex with the part of the n-sphere in the positive orthant, and equipping P R (X ) with the associated length metric.
For any R > 0, there is a homomorphism
is defined to be the limit of the composition
The coarse p-Baum-Connes conjecture for a bounded geometry metric space X is the statement that µ is an isomorphism.
If Γ is a countable discrete group acting freely and properly on X by isometries, then by considering the equivariant versions of the localization algebra and the Roe algebra, we have the L p equivariant assembly map
which is (a model for) the Baum-Connes assembly map for Γ when p = 2.
3 Lifting maps, p-operator norm localization, and surjectivity of the assembly map Definition 9. Let X be a metric space, and let π :X → X be a surjective map. 
in Y with bounded geometry. Consider a cover
of Y by uniformly bounded, pairwise disjoint Borel sets of diameter less than ε/2 such that z i ∈ U i for each i ∈ I, and let χ i be the characteristic function of U i . Define
The cover U can be lifted to a cover U of the covering space Y by setting
This allows us to lift the operator T i, j to the operator
where χ i,g is the characteristic function of U i,g , i.e., T i, j may be identified with T i, j via the following diagram:
Γ denote the set of locally compact,
, and thus
. Indeed, this follows from the fact that since Y contains a net with bounded geometry {z i,g } 1≤i≤N,g∈Γ such that z i,g ∈ U i,g , if 
, then (up to stabilization) there is a piecewise linear homotopy of quasi-idempotents between f 0 and f 1 . In particular, there is a homotopy (
, which we shall still denote by φ L .
p-operator norm localization and the map φ
Definition 10. Let (X , ν) be a metric space equipped with a positive locally finite Borel measure ν, let p ∈ [1, ∞), and let E be an infinite-dimensional Banach space. Let f : N → N be a non-decreasing function. We say that X has the p-operator norm localization property relative to f (and E) with constant 0 < c ≤ 1 if for all r ∈ N and every T ∈ B(L p (X , ν; E)) with prop(T) ≤ r, there exists a nonzero ξ ∈ L p (X , ν; E) satisfying
2. ||Tξ|| ≥ c||T||||ξ||.
Definition 11.
A metric space X is said to have the p-operator norm localization property if there exists a constant 0 < c ≤ 1 and a non-decreasing function f : N → N such that for every positive locally finite Borel measure ν on X , (X , ν) has the p-operator norm localization property relative to f with constant c. It was shown in [3, Proposition 4.1] that the metric sparsification property implies the 2-operator norm localization property. For metric spaces with bounded geometry, it was shown in [2] that property A implies the metric sparsification property, and it was shown in [37] that property A is equivalent to the 2-operator norm localization property.
As noted in [40, Section 7] , where a similar property called lower norm localization was considered, the proof of [3, Proposition 4.1] can be adapted with the obvious modifications to yield the following.
Proposition 13. The metric sparsification property implies the p-operator norm localization property for every p ∈ [1, ∞).
The following corollary is obtained by combining the proposition with the result in [37] .
Corollary 14.
If X is a metric space with bounded geometry, then the 2-operator norm localization property implies the p-operator norm localization property for all p ∈ [1, ∞).
We consider another lifting map φ defined in [41, Lemma 3.8] (and also in [3, Section 7] ). Let G be a finitely generated, residually finite group with a sequence of normal subgroups of finite index N 1 ⊇ N 2 ⊇ · · · such that i N i = {e}. Let G = i G/N i be the box space, i.e., the disjoint union of the finite quotients G/N i , endowed with a metric d such that its restriction to each G/N i is the quotient metric, while
have propagation S, and let M be such that for all i, j ≥ M, we have d(G/N i , G/N j ) ≥ 2S and π i : G → G/N i is a 2S-metric cover. We may then write
, where
and define φ(T) to be the image of i≥M T (i) in
. This defines a homomorphism
Lemma 15.
If G has the p-operator norm localization property, then φ extends to a bounded homomorphism
Proof. Suppose G has the p-operator norm localization property relative to f with constant c. Let T ∈ C The proof of the following lemma is exactly the same as that of [41, Lemma 5.5], and we include it for the convenience of the reader.
Lemma 17.
Suppose that G has the p-operator norm localization property. Let 
On the other hand, for all sufficiently large i, there exists
Since ε is arbitrary, and c is independent of ε, this completes the proof.
Kazhdan projections in
At this point an interlude is necessary in order to introduce and discuss Kazdhan projections in the setting of ℓ p -spaces. Our description follows that of [7] . A representation π of G on a Banach space E induces a representation of CΓ on E by the formula
for every f ∈ CΓ. On CΓ consider the following norm
The completion of CΓ in this norm will be denoted B p max (G) and called the ℓ p -maximal group Banach algebra.
Recall that given an isometric representation π of a locally compact group Γ on a Banach space E the dual space E * is naturally equipped with the
We have a canonical decomposition of π into the trivial representation and its complement,
where E π is the subspace of invariant vectors of π and
The following is a special case of [7, Theorem 1.2].
Theorem 19 ([7]
). Let Γ be a finitely generated group with property (T). Then for every 1 < p < ∞, there exists a Kazhdan idempotent in B p max (Γ). Let G be a residually finite group and let {N i } i∈N be a family of finite index, normal subgroups. Consider the box space X = i G/N i , as before. We have . Indeed, by the construction in [7] one can choose a finitely supported probability measure µ on G such that µ n − q i → 0 uniformly in i. As µ n are finite propagation operators, it suffices to take Q to be the matrix defined by Q(x, y) = q(x, y)P, where P is some finite rank projection on ℓ p . Given a finite graph Γ = (V , E) the edge boundary ∂A of a subset A ⊆ V is defined to be the set of those edges E that have exactly one vertex in A. The Cheeger constant of Γ is then defined to be
Recall that a sequence of finite graphs {Γ n } is a sequence of expanders if
In the above setting the Cayley graphs of the groups G/N i form a sequence of expanders. See e.g. [23] for an overview. 
Traces and commutativity of the diagram
is the Borel cover of Y used in the definition of φ L , so that
T r(S i,i ) = T r(S).
We will apply the lemma in the case where Y is the Rips complex of a finite quotient G/N of a residually finite group G, Y is the Rips complex of G, and Γ = N.
Note that if n < R, then
Each N i acts properly on P R (G). Moreover, if B(e, r)∩ N i = {e}, then the action of N i on P R (G) is free, and π : as discussed above. We may then define a homomorphism
We also have a homomorphism
, which induces a homomorphism
the image of the coarse p-Baum-Connes assembly map
Proof. Fix R > 0. As discussed above, for n < R, we have
where
G/N i ). For large R, we may assume that n is large enough so that N i acts freely and properly on P R (G), and
Now consider the following diagram:
This diagram commutes by the way the maps φ L and φ are defined. We then obtain the result by applying Lemma 21. Proof. Since q = q
On the other hand, since q is a ghost operator, φ(q) = 0 by Lemma 17, and the result follows from Lemma 22.
Remarks and open questions
In this final section, we list a few questions that we do not have the answer to and that may be of interest to the reader.
In the results above it was necessary to assume 1 < p < ∞. The main reason for this assumption is the construction of Kazhdan projections and the associated ghost projection in B P (X ). Indeed, the techniques used here and originally in [7] require uniform convexity of the underlying Banach space. Therefore the following question is natural in this context.
Question 24.
What happens when p = 1? (How to construct Kazhdan projections?)
The above situation bears certain resemblance to the case of the Bost conjecture, in which the right hand side of the Baum-Connes conjecture, namely the K -theory of the reduced group C * -algebra C * r (G) is replaced with the Ktheory of the Banach algebra ℓ 1 (G). It also seems that the argument used here would extend also to the case of ℓ p (Z, E), where p > 1 and E is a uniformly convex Banach space, or a Banach space of nontrivial type. In this case also ℓ p (Z, E) is uniformly convex, or has nontrivial type, respectively. Lafforgue [25] and Liao [26] showed that in such cases there exist Kazhdan projections and it would therefore be possible to construct the associated ghost projection. It is natural to state Question 25. What happens if we consider operators on ℓ p (Z, E) for Banach spaces E other than ℓ p in the definition of the Roe algebra?
As noted earlier, even E = L p [0, 1] results in an algebra that is not isomorphic to the one we have used in this paper, although its K -theory may be the same.
Our formulation of the coarse p-Baum-Connes assembly map is based on a straightforward modification of a model of the original coarse Baum-Connes assembly map from [42] . One can check that for each p and for a metric space X with bounded geometry, the functors X → lim R→∞ K n (B p L (P R (X ))) form a coarse homology theory in the sense of [21, Definition 2.3] . What is of interest, and which goes back to one of the original motivations for studying It is not clear to us how to approach this question even for finite dimensional simplicial complexes. For instance, one certainly has a Mayer-Vietoris sequence for each p, but it is not clear how to connect these sequences for different p.
The next question is about the p-operator norm localization property. As noted in Corollary 14, a bounded geometry metric space with the 2-operator norm localization property will have the p-operator norm localization property for all p ∈ [1, ∞) but we do not know whether the converse holds.
Question 27. For p ∈ [1, ∞) \ {2}, is the p-operator norm localization property equivalent to the original (2-)operator norm localization property (equivalently, Yu's property A) for metric spaces with bounded geometry?
